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ABSTRACT
Diffuse radio emission in galaxy clusters is known to be related to cluster mass and cluster dynamical state.
We collect the observed fluxes of radio halos, relics, and mini-halos for a sample of galaxy clusters from the
literature, and calculate their radio powers. We then obtain the values of cluster mass or mass proxies from
previous observations, and also obtain the various dynamical parameters of these galaxy clusters from optical
and X-ray data. The radio powers of relics, halos, and mini-halos are correlated with the cluster masses or mass
proxies, as found by previous authors, with the correlations concerning giant radio halos being, in general, the
strongest ones. We found that the inclusion of dynamical parameters as the third dimension can significantly
reduce the data scatter for the scaling relations, especially for radio halos. We therefore conclude that the
substructures in X-ray images of galaxy clusters and the irregular distributions of optical brightness of member
galaxies can be used to quantitatively characterize the shock waves and turbulence in the intracluster medium
responsible for re-accelerating particles to generate the observed diffuse radio emission. The power of radio
halos and relics is correlated with cluster mass proxies and dynamical parameters in the form of a fundamental
plane.
Subject headings: galaxies: clusters: general — galaxies: clusters: intracluster medium
1. INTRODUCTION
Clusters of galaxies are the largest gravitationally bound
systems in the universe, formed at knots of cosmic webs in
the universe. Diffuse radio emission has been detected from
about 100 galaxy clusters. Based on their morphology, loca-
tion, and size, the diffuse radio sources are classified as ra-
dio halos, radio relics, or mini-halos (see Feretti et al. 2012
for an observational review). Radio halos are located at the
cluster center and unpolarized (< 10%), and have a regu-
lar morphology with a typical scale of about 1 Mpc. Ra-
dio relics usually also have a similar size, but are located
in peripheral regions of galaxy clusters and often polarized
(∼20-30%). Mini-halos are detected in the central regions
of clusters with no obvious polarization, but have a smaller
size (.500 kpc). Radio halos and relics are clearly related to
cluster mergers (e.g., Cassano et al. 2010; Cuciti et al. 2015),
while mini-halos are detected in cool-core galaxy clusters
(e.g., Cassano et al. 2010; van Weeren et al. 2010; Kale et al.
2015). Both mini-halos and giant radio halos are detected
from clusters with high X-ray luminosity (Kale et al. 2015).
Observations of diffuse radio emission of clusters open a new
window to study the intracluster medium, especially the par-
ticle accelerations and magnetic field amplification of galaxy
clusters with different dynamical states (see Brunetti & Jones
2014 for a review).
Strong correlations have been found between the radio
power at 1.4 GHz, P1.4 GHz, of radio halos and other phys-
ical cluster parameters, namely the cluster X-ray luminos-
ity, LX, and hot gas temperature, TX (e.g., Liang et al.
2000; Brunetti et al. 2007, 2009; Cassano et al. 2013). Mini-
halos also follow a similar relation between radio power and
the cluster X-ray luminosity (Cassano et al. 2008; Kale et al.
2013, 2015). Correlations between P1.4 GHz of radio relics
and the cluster X-ray luminosity have also been found (e.g.,
Feretti et al. 2012; de Gasperin et al. 2014). However, radio
halos are detected only from only 20% to 30% of massive
clusters with high X-ray luminosity (e.g., Kale et al. 2013,
2015). Brunetti et al. (2007, 2009) first discovered this ra-
dio bimodality that galaxy clusters with radio halos follow the
correlation between the radio power and cluster X-ray lumi-
nosity, while clusters with non-detection of radio halos should
have a radio power much below the correlation line. These
two populations of clusters are found to correspond to differ-
ent dynamical states, i.e., clusters with radio halos showing
merging features and those without radio halos being more
relaxed in general (e.g., Cassano et al. 2010).
Because the X-ray luminosity and gas temperature of
galaxy clusters are tightly related to cluster mass, the re-
lations of P1.4 GHz–LX and P1.4 GHz–TX may indicate that
emission of halos and mini-halos is fundamentally related
to cluster mass. The Sunyaev–Zel’dovich (SZ) parame-
ter, indicated as YSZ, is a better mass proxy than the X-
ray luminosity, since it is less affected by the cluster dy-
namics (e.g., Motl et al. 2005; Wik et al. 2008; Arnaud et al.
2010; Planck Collaboration et al. 2014a). Basu (2012) found
a tight correlation between the radio power P1.4 GHz from
the literature and YSZ from the early Planck SZ cata-
log. By using updated SZ data from the Planck mission
(Planck Collaboration et al. 2014b) and radio measurements
from the GMRT cluster survey, Cassano et al. (2013) con-
firmed the scaling relation between the radio power and the
cluster SZ parameter and also the radio bimodality in the ra-
dio–SZ diagram for massive clusters.
There are indications that radio halos, mini-halos, and relics
in galaxy clusters are related to not only cluster masses but
also dynamical states of clusters (e.g., Cuciti et al. 2015). Re-
cently, Wen & Han (2013) found that the offset of radio power
from the P1.4 GHz–LX relation is closely related to the dy-
namical parameterΓ defined from the optical galaxy luminos-
ity distributions (see Sect. 2.3). To extend previous studies,
in this paper we search for an empirical fundamental plane
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among three sets of quantities: the synchrotron radio power
of halos, relics, and mini-halos, the cluster mass represented
by X-ray luminosity or estimated from gas mass and the SZ
effect, and the cluster dynamical state obtained quantitatively
from X-ray or optical data. In Sect.2, we calculate the ob-
served radio power of halos, relics, and mini-halos at three
frequencies, 1.4 GHz, 610 MHz, and 325 MHz, and collect
the mass proxies of galaxy clusters, LX and L500, and also
the SZ-estimated massM500, SZ and the massM500 estimated
from gas mass, and obtain the dynamical parameters, Γ, c, ω,
and P3/P0, for a large sample of galaxy clusters with detected
radio halos, relics, and mini-halos. In Section 3, we compare
the data scatter around different scaling relations and then
search for the fundamental plane in the three-dimensional
space of these parameters. Conclusions and discussions are
presented in Section 4.
Throughout this paper, we assume a ΛCDM cosmology,
taking H0 =100 h km s−1 Mpc−1, with h = 0.7, Ωm = 0.3,
and ΩΛ = 0.7. Derived parameters in the literature have been
scaled to this cosmology.
2. THREE SETS OF DATA FOR GALAXY CLUSTERS
In this section, we collect and rescale the values of radio
flux and power in Table 1 and cluster mass and the cluster
dynamical state for 75 galaxy clusters in Table 2 for further
analyses.
2.1. Radio Power of Radio Halos, Relics, and Mini-halos
A large number of radio halos, relics, and mini-halos
have been discovered and measured in recent decades
through observations with VLA (e.g., Giovannini & Feretti
2000; van Weeren et al. 2011b), GMRT (e.g., Venturi et al.
2007; Kale et al. 2015), WSRT (e.g., van Weeren et al. 2010;
Trasatti et al. 2015) and also ATCA (e.g., Shimwell et al.
2014, 2015). We have checked the radio images of radio ha-
los, relics, and mini-halos in the literature and collected in
Table 1 the radio flux Sν at frequencies within a few per cent
around 1.4 GHz, 610 MHz, and 325 MHz; we have interpo-
lated the flux at an intermediate frequency if measurements
are available at higher and lower frequencies. To establish the
reliable scaling relations, we include only the very firm detec-
tion of diffuse radio emission in galaxy clusters, and omit the
questionable detections or flux estimates due to problematic
point-source subtraction. We then calculate the radio power
via
Pν = 4πD
2
L × Sν × (1 + z)1−a, (1)
whereDL = (1+z)c/H0
∫ z
0
dz′√
Ωm(1+z′)3+ΩΛ
is the luminos-
ity distance of a cluster at a redshift of z, Sν is the radio flux
at frequency ν, (1 + z)(1−a) is the k-correction term as done
by Cassano et al. (2013), and a is the spectral index of diffuse
radio sources, which is assumed to be 1.3 in general.
2.2. Mass Proxies and Mass Estimates for Galaxy Clusters
The total X-ray luminosities, LX, of galaxy clusters and the
X-ray luminosities, L500, within R500 are most often used as
mass proxies for galaxy clusters. Here, R500 is the radius of
a galaxy cluster within which the matter density of a cluster
is 500 times of the critical density of the universe. In Ta-
ble 2, we collect these two X-ray measurements for galaxy
clusters with diffuse radio emission. The total X-ray lumi-
nosities of galaxy clusters, LX, were derived from observa-
tions in the 0.1-2.4 keV band and taken from catalogs based
on the ROSAT All-Sky Survey data (e.g., Ebeling et al. 1996,
1998, 2000; Bo¨hringer et al. 2000, 2004). The collected X-
ray luminosities within R500 of the clusters, L500, are the
values updated by using the new measurements from deep
Chandra or XMM-Newton images from Mantz et al. (2010),
Cassano et al. (2013), and Zhao et al. (2015).
Masses of galaxy clusters can be estimated from the SZ
measurements of the integrated Compton parameter YSZ, 500
within R500 via
YSZ,500 = d
2
A(z)Y = Q(Ωm(1+z)
3+ΩΛ)
1/3MκSZ,500, (2)
where dA(z) is the angular diameter distance to clusters, Y is
the integrated Compton parameter, and MSZ, 500 is the mass
within R500 estimated from the SZ effect, logQ = −0.19,
and κ = 1.79 (Planck Collaboration et al. 2014a). Note that
the YSZ, 500 and MSZ, 500 are scaled by a power index κ =
1.79. The largest SZ-selected catalog to date is the all-sky
Planck catalog of galaxy clusters, which contains 1653 clus-
ters with redshifts up to z ∼ 1 (Planck Collaboration et al.
2015). In this paper we take the mass estimates MSZ, 500 di-
rectly from Planck Collaboration et al. (2015) for galaxy clus-
ters.
In the literature, cluster mass M500 has often been derived
by using three X-ray proxies: average temperature TX, gas
mass Mgas, and YX = TX×Mgas (e.g., Vikhlinin et al. 2009;
Zhao et al. 2015). Another mass estimate used in this paper
as one of four independent mass proxies in Table 2 is the clus-
ter mass derived from the observed gas mass. We take M500
from Vikhlinin et al. (2009) and Mantz et al. (2010), obtained
from the high-quality X-ray images and spectra of Chandra
and XMM data. The systematic offset between the mass val-
ues in these two catalogs has been corrected according to
Wen & Han (2015).
2.3. Dynamical Parameters of Galaxy Clusters
Wen & Han (2013) developed a method to quantify dynam-
ical states of galaxy clusters from optical photometric data.
They smoothed the brightness distribution of member galax-
ies using a Gaussian kernel with a weight of optical luminos-
ity, and then defined a dynamical parameter Γ from the asym-
metry, the normalized model-fitting residual, and the ridge-
flatness of the smoothed optical image. They obtained Γ val-
ues for 98 clusters with qualitatively known “relaxed” or “un-
relaxed” dynamical states, and then also for 2092 rich clusters
ofM200 ≥ 3.15×1014M⊙ in the cluster catalog of Wen et al.
(2012). We quoted Γ in Table 2 from Wen & Han (2013)
for 58 galaxy clusters with detected radio halos, relics, and
mini-halos, and also calculated Γ values for the remaining 23
galaxy clusters that are not included in Wen & Han (2013).
Dynamical parameters have also been derived quantita-
tively from X-ray images of clusters by previous authors,
including the concentration parameter c (e.g., Santos et al.
2008), the centroid shift ω (e.g., Poole et al. 2006), and the
power ratio P3/P0 (e.g., Buote & Tsai 1995; Bo¨hringer et al.
2010; Weißmann et al. 2013). The concentration parameter
c is defined as the ratio of the peak to the ambient surface
brightness as
c =
S(R < 100kpc)
S(R < 500kpc)
. (3)
The centroid shift ω is defined as the standard deviation of the
projected separation between the X-ray peak and the centroid
in units of Rap = 500kpc, which is computed in a series
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TABLE 1
RADIO FLUX AND POWER FOR RADIO HALOS, RELICS, AND MINI-HALOS FROM 75 GALAXY CLUSTERS
Name z Type Size S1.4 GHz S610 MHz S325 MHz References logP1.4 GHz logP610 MHz logP325 MHz
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11)
A209 0.2060 halo 7′ 15.0±0.7 24.0±3.6 ... 1/ 2/ – 0.24±0.02 0.45±0.07 ...
A399 0.0718 halo 7′ 16±2 ... ... 3/ –/ – -0.70±0.06 ... ...
A520 0.1990 halo 5.5′ 16.7±0.6 42±15 85±5 4/ 0/ 4 0.26±0.02 0.66±0.19 0.96±0.03
A521 0.2533 halo(+relic) 5′ 6.4±0.6 15±4 90±7 5/ 6/ 6 0.07±0.04 0.44±0.13 1.22±0.04
A545 0.1540 halo 5.6′ 23±1 ... ... 7/ –/ – 0.15±0.02 ... ...
A665 0.1819 halo 10′ 43.1±2.2 ... ... 8/ –/ – 0.58±0.02 ... ...
A697 0.2820 halo 2.5′ 5.2±0.5 13.0±2.0 47.3±2.7 9/ 2/10 0.08±0.04 0.48±0.07 1.04±0.03
A746 0.2320 halo(+relic) 4′ 18±4 ... ... 9/ –/ – 0.43±0.11 ... ...
A754 0.0542 halo(+relic) 16′ 83±5a 284±17 722±41 11/ 0/11 -0.24±0.03 0.29±0.03 0.70±0.03
A773 0.2170 halo 6′ 12.7±1.3 ... ... 12/ –/ – 0.22±0.05 ... ...
A1300 0.3072 halo(+relic) 4.8′ ... ... 130±10 –/ –/ 1 ... ... 1.56±0.03
A1351 0.3224 halo 3′ 32.4±4.0 ... ... 13/ –/ – 1.01±0.06 ... ...
A1689 0.1832 halo 4′ 9.6±2.8b ... ... 14/ –/ – -0.06±0.15 ... ...
A1758N 0.2790 halo 6′ 23±5 ... 155±12 1/ –/ 1 0.72±0.11 ... 1.55±0.03
A1914 0.1712 halo 7.5′ 64±3 ... ... 7/ –/ – 0.70±0.02 ... ...
A1995 0.3186 halo 3′ 4.1±0.7 ... ... 15/ –/ – 0.10±0.08 ... ...
A2069 0.1160 halo 5′ ... ... 25±9 – / –/16 ... ... -0.07±0.19
A2163 0.2030 halo 11′ 155±2 411±5 861±10 17/ 0/18 1.24±0.01 1.67±0.01 1.99±0.01
A2218 0.1756 halo 2′ 4.7±0.1 ... ... 8/ –/ – -0.41±0.01 ... ...
A2219 0.2256 halo 8′ 81±4 ... ... 7/ –/ – 1.06±0.02 ... ...
A2255 0.0806 halo(+relic) 10′ 56±3 194±10 496±7 19/ 0/20 -0.06±0.02 0.48±0.02 0.89±0.01
A2256 0.0581 halo(+relic) 12′ 103.4±1.1 322±3 760±70 21/ 0/22 -0.08±0.01 0.41±0.01 0.78±0.04
A2319 0.0557 halo 16′ 240±10 ... ... 23/ –/ – 0.24±0.02 ... ...
A2744 0.3080 halo(+relic) 7′ 57±3 153±8 323±26 1/ 0/ 1 1.21±0.02 1.64±0.02 1.96±0.04
A3562 0.0490 halo 5′ 20±2 90±9 195±39 24/25/25 -0.95±0.05 -0.30±0.05 0.04±0.10
Bullet 0.2960 halo 8′ 56.4±2.3 ... ... 26/ –/ – 1.16±0.02 ... ...
CL0016+16 0.5456 halo 2.5′ 5.5±0.8c ... ... 8/ –/ – 0.76±0.07 ... ...
CL0217+70 0.0655 halo 10′ 58.6±0.9 156±2 326±30 27/ 0/27 -0.22±0.05 0.20±0.01 0.52±0.04
CL1821+643 0.299 halo 4′ 14.3±0.7 33±2 62±4 0/ 0/28 0.58±0.02 0.94±0.03 1.22±0.03
Coma 0.0231 halo(+relic) 30′ 530±50 1200±300 3180±30 29/30/31 -0.19±0.04 0.16±0.12 0.58±0.01
MACS J0553–3342 0.431 halo 4′ ... ... 62±5 –/ –/32 ... ... 1.57±0.04
MACS J0717+3745 0.5458 halo 4′ 118±5 162±0.23 337.5±0.5 33/34/ – 2.09±0.02 2.23±0.01 2.55±0.01
MACS J1752+4440 0.366 halo(+relic) 3.3′ ... ... 164±13 –/ –/32 ... ... 1.84±0.04
PLCK G171.9–40.7 0.270 halo 5.5′ 18±2 ... ... 35/ –/ – 0.58±0.05 ... ...
PLCK G287.0+32.9 0.39 halo(+relic) 4′ 3.6±0.5c 26±4c 63±10c 0/36/36 0.24±0.06 1.10±0.07 1.48±0.08
RXC J0107+5408 0.1066 halo 9.5′ 55±5 ... ... 9/ –/ – 0.19±0.04 ... ...
RXC J1314–2515 0.2439 halo(+relic) 7′ ... 10.3±0.3 40±3 –/ 2/ 1 ... 0.24±0.01 0.83±0.03
RXC J1514–1523 0.2226 halo 7′ 10±2 37±8 102±9 37/ 0/37 0.14±0.10 0.71±0.11 1.15±0.04
RXC J2003.5–2323 0.3173 halo 5′ 35±2 96.9±5.0 235±12 38/ 2/ 0 1.03±0.03 1.47±0.02 1.85±0.02
Toothbrush 0.225 halo 9′ 35.9±2.6 51.5±7.4 121.6±13.5 39/39/39 0.70±0.03 0.86±0.07 1.23±0.05
Z5247 0.229 halo(+relic) 4′ 2±0.3 7.9±1 ... 40/40/ – -0.53±0.07 0.06±0.06 ...
A115 0.1971 relic 12.5′ 14.7±2.2c ... ... 12/ –/ – 0.19±0.07 ... ...
A521 0.2533 relic(+halo) 4.2′ 15.0±0.8 41.9±2.1 114±6 41/ 2/ 1 0.44±0.02 0.89±0.02 1.32±0.02
A746 0.2320 relic(+halo) 5′ 24.5±2.0 ... ... 9/ –/ – 0.57±0.04 ... ...
A754 0.0542 relic(+halo) 13′ 6.0±0.3 31±2 106±5 11/ 0/11 -1.38±0.02 -0.67±0.03 -0.14±0.02
A1240-N 0.1590 relic 4′ 6.0±0.2 12.2±0.4 21.0±0.8 42/ 0/42 -0.40±0.01 -0.09±0.01 0.14±0.02
A1240-S 0.1590 relic 7.5′ 10.1±0.4 18.2±0.7 28.5±1.1 42/ 0/42 -0.17±0.02 0.08±0.02 0.28±0.02
A1300 0.3072 relic(+halo) 2.5′ ... ... 75±6 –/ –/ 1 ... ... 1.32±0.04
A1612 0.179 relic 4.3′ 62.8±2.6 ... ... 9/ –/ – 0.73±0.02 ... ...
A2061 0.0784 relic 7.5′ 27.6±1.0 ... ... 9/ –/ – -0.39±0.02 ... ...
A2255 0.0806 relic(+halo) 8′ 23±1 58±3 117±2 19/ 0/20 -0.44±0.02 -0.04±0.02 0.26±0.01
A2256-G 0.0581 relic(+halo) 5′ 231.6±15.1 447±30 735.7±45.8 43/ 0/43 0.27±0.03 0.55±0.03 0.77±0.03
A2256-H 0.0581 relic(+halo) 5′ 245.8±19.1 475±37 781.3±64.3 43/ 0/43 0.29±0.04 0.58±0.04 0.79±0.04
A2345-E 0.1765 relic 8.5′ 29.0±0.4 84±1 188±3 42/ 0/42 0.38±0.01 0.84±0.01 1.19±0.01
A2345-W 0.1765 relic 6.5′ 30.0±0.5 109±2 291±4 42/ 0/42 0.40±0.01 0.96±0.01 1.38±0.01
A2744 0.3080 relic(+halo) 6′ 20±1 54±8 122±10 1/ 0/ 1 0.75±0.02 1.18±0.07 1.54±0.04
A3365-E 0.0926 relic 5.5′ 42.6±2.6 ... ... 9/ –/ – -0.05±0.03 ... ...
A3365-W 0.0926 relic 2.3′ 5.3±0.5 ... ... 9/ –/ – -0.95±0.01 ... ...
A3376-E 0.0456 relic 16′ 122±10 559±46 1770±90 44/ 0/44 -0.23±0.04 0.43±0.04 0.93±0.02
A3376-W 0.0456 relic 15′ 113±10 467±41 1367±70 44/ 0/44 -0.26±0.04 0.35±0.04 0.82±0.02
A3667-SE 0.0556 relic 20′ 350±20 ... ... 45/ –/ – 0.41±0.03 ... ...
A3667-NW 0.0556 relic 30′ 2470±170 ... ... 45/ –/ – 1.25±0.03 ... ...
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TABLE 1
continued
Name z Type Size S1.4 GHz S610 MHz S325 MHz References logP1.4 GHz logP610 MHz logP325 MHz
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11)
CIZA J0649+1801 0.064 relic 11′ ... 321±46 ... –/ 9/ – ... 0.49±0.07 ...
CIZA J2242+5301-N 0.1921 relic(+halo) 9′ 144±15 ... ... 46/ –/ – 1.16±0.05 ... ...
CIZA J2242+5301-S 0.1921 relic(+halo) 7.5′ 18±2 ... ... 46/ –/ – 0.25±0.05 ... ...
Coma 0.0231 relic(+halo) 30′ 260±39c ... ... 47/ –/ – -0.50±0.07 ... ...
El Gordo-NW 0.870 relic 1′ 7.0±0.5 19±2 ... 0/48/ – 1.33±0.03 1.77±0.05 ...
MACS J1752+4440-NE 0.366 relic(+halo) 4′ 65.3±3.9 ... 410±33 49/ –/32 1.44±0.03 ... 2.23±0.04
MACS J1752+4440-SW 0.366 relic(+halo) 3′ 30.2±1.8 ... 163±13 49/ –/32 1.10±0.03 ... 1.83±0.04
PLCK G287.0+32.9-NW 0.39 relic(+halo) 4.5′ 27±4c 110±11c 216±32c 0/36/36 1.12±0.07 1.73±0.05 2.02±0.07
PLCK G287.0+32.9-SE 0.39 relic(+halo) 3.5′ 10±2c 50±5c 114±17c 0/36/36 0.68±0.10 1.38±0.05 1.60±0.07
PSZ1 G096.9+24.2-N 0.3 relic 3.3′ 8.9±0.8 ... ... 50/ –/ – 0.38±0.21 ... ...
PSZ1 G096.9+24.2-S 0.3 relic 5.3′ 18.3±1.9 ... ... 50/ –/ – 0.69±0.05 ... ...
RXC J1053+5452 0.0704 relic 7.5′ 15±2 ... ... 9/ –/ – -0.75±0.06 ... ...
RXC J1314–2515-E 0.2439 relic(+halo) 2.5′ 10.1±0.3 28.0±1.4 52±4 51/ 2/ 1 0.23±0.01 0.69±0.02 0.94±0.03
RXC J1314–2515-W 0.2439 relic(+halo) 4.5′ 20.2±0.5 64.8±3.2 137±11 51/ 2/ 1 0.53±0.01 1.04±0.02 1.36±0.04
Toothbrush 0.225 relic 8.5′ 319.5±20.8 797±52 1600±100 39/39/59 1.65±0.03 2.05±0.03 2.35±0.03
Z5247 0.229 relic(+halo) 3′ 3.1±0.2 9.3±1.0 23.1±2.5 40/40/ 0 -0.34±0.03 0.13±0.05 0.53±0.05
ZwCl0008+5215-E 0.1032 relic 12′ 56.0±3.5 230±25 545±59 52/52/ 0 0.17±0.03 0.78±0.05 1.16±0.05
ZwCl0008+5215-W 0.1032 relic 2.5′ 11.0±1.2 56±8 89±13 52/52/ 0 -0.54±0.05 0.17±0.07 0.37±0.07
ZwCl2341+0000-N 0.27 relic 1′ ... 14±3 18±4 –/53/ 0 ... 0.47±0.10 0.58±0.11
ZwCl2341+0000-S 0.27 relic 5′ ... 37±13 58±20 –/53/ 0 ... 0.89±0.19 1.09±0.18
A478 0.088 mini-halo 3′ 16.6±3 ... ... 54/ –/ – -0.50±0.09 ... ...
A1835 0.2532 mini-halo 2′ 6.1±1.3 ... ... 54/ –/ – 0.05±0.10 ... ...
A2029 0.0765 mini-halo 6′ 19.5±2.5 ... ... 54/ –/ – -0.56±0.06 ... ...
A2204 0.152 mini-halo 0.6′ 8.6±0.9 ... ... 54/ –/ – -0.29±0.05 ... ...
A2390 0.228 mini-halo 2′ 28.3±4.3 ... ... 54/ –/ – 0.61±0.07 ... ...
A3444 0.254 mini-halo 0.5′ ... 29.5±0.5 ... –/40/ – ... 0.74±0.01 ...
2A0335 0.0347 mini-halo 3.5′ 21.1±2.1 ... ... 54/ –/ – -1.23±0.05 ... ...
MS 1455+2232 0.2578 mini-halo 2′ 8.5±1.1 ... ... 54/ –/ – 0.21±0.06 ... ...
Ophiuchus 0.028 mini-halo 15′ 83.4±6.6 ... ... 54/ –/ – -0.83±0.04 ... ...
Perseus 0.0179 mini-halo 12′ 3020±153 ... ... 54/ –/ – 0.34±0.02 ... ...
Phoenix 0.596 mini-halo 1′ ... 17±5 ... –/55/ – ... 1.34±0.15 ...
RBS797 0.35 mini-halo 1′ 5.2±0.6 ... ... 54/ –/ – 0.29±0.05 ... ...
RXC J1504–0248 0.2153 mini-halo 1′ 20.0±1.0 59±3 121±6 54/40/56 0.41±0.02 0.88±0.02 1.19±0.02
RXC J1532+3021 0.3621 mini-halo 0.7′ 7.5±0.4 16±1 33.5±4.4 54/54/54 0.49±0.02 0.81±0.03 1.14±0.06
RX J1347–1145 0.4516 mini-halo 2′ 34.1±2.3 ... ... 54/ –/ – 1.36±0.03 ... ...
RX J1720+2638 0.1644 mini-halo 1.5′ 68±5 170±12 365±58 57/57/57 0.69±0.03 1.08±0.03 1.41±0.08
RX J2129+0005 0.235 mini-halo 1′ 2.4±0.4c 8±1 ... 40/40/ – -0.43±0.08 0.09±0.06 ...
S780 0.236 mini-halo 0.5′ ... 35±9 ... –/40/ – ... 0.74±0.13 ...
Z3146 0.290 mini-halo 1′ 5.2±0.8c ... ... 54/ –/ – 0.11±0.07 ... ...
Notes: Columns: (1) cluster name; (2) redshift; (3) type of diffuse radio emission—halos, relics, or mini-halos. Known “radio Phoenix” looks like it is from a
radio galaxy and is not included in this table; (4) angular size; (5)–(7) flux of halos, relics, and mini-halos at 1.4 GHz, 610 MHz, and 325 MHz, all in mJy; (8)
reference numbers of these radio fluxes; (9)–(11) radio power (in 1024 W/Hz) at these three frequencies after the k-correction.
Notes for some measurements are:
a Caculated from fluxes of whole emission region minus relic region.
b Estimated from flux at a nearby frequency.
c Uncertainty assumed to be 15%.
References. 0—estimated by us based on measurements available at other frequencies; 1—Venturi et al. (2013); 2—Venturi et al. (2008); 3—Murgia et al. (2010);
4—Vacca et al. (2014); 5—Dallacasa et al. (2009); 6—Brunetti et al. (2008); 7—Bacchi et al. (2003); 8—Giovannini & Feretti (2000); 9—van Weeren et al.
(2011b); 10—Macario et al. (2010); 11—Macario et al. (2011); 12—Govoni et al. (2001); 13—Giacintucci et al. (2009b); 14—Vacca et al. (2011);
15—Giovannini et al. (2009); 16—Drabent et al. (2015); 17—Feretti et al. (2001); 18—Feretti et al. (2004); 19—Govoni et al. (2005); 20—Pizzo & de Bruyn
(2009); 21—Clarke & Ensslin (2006); 22—Brentjens (2008); 23—Storm et al. (2015); 24—Venturi et al. (2003); 25—Giacintucci et al. (2005);
26—Shimwell et al. (2014); 27—Brown et al. (2011); 28—Bonafede et al. (2014b); 29—Kim et al. (1990); 30—Giovannini et al. (1993); 31—Venturi et al.
(1990); 32—Bonafede et al. (2012); 33—Bonafede et al. (2009b); 34—Pandey-Pommier et al. (2013); 35—Giacintucci et al. (2013); 36—Bonafede et al.
(2014a); 37—Giacintucci et al. (2011a); 38—Giacintucci et al. (2009a); 39—van Weeren et al. (2012b); 40—Kale et al. (2015); 41—Giacintucci et al. (2008);
42—Bonafede et al. (2009a); 43—Trasatti et al. (2015); 44—Kale et al. (2012); 45—Riseley et al. (2015); 46—van Weeren et al. (2011a); 47—Giovannini et al.
(1991); 48—Lindner et al. (2014); 49—van Weeren et al. (2012a); 50—de Gasperin et al. (2014); 51—Feretti et al. (2005); 52—van Weeren et al. (2011c);
53—van Weeren et al. (2009); 54—Giacintucci et al. (2014b); 55—van Weeren et al. (2014); 56—Giacintucci et al. (2011b); 57—Giacintucci et al. (2014a).
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TABLE 2
MASSES, MASS PROXIES, AND DYNAMICAL PARAMETERS FOR 75 GALAXY CLUSTERS
Name logLX logL500 logMSZ, 500 logM500 References Γ log c logω log(P3/P0) References
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11)
A115 0.96±0.12 0.87±0.12 0.88±0.02 ... 1/ 2/ 3/ – −0.76±0.11 −0.49±0.01 −2.34±0.07 −6.06±0.06 28/ 0/ 0/ 0
A209 0.80±0.05 0.88±0.01 0.93±0.02 1.03±0.07 4/ 5/ 3/ 6 −0.24±0.11 −0.72±0.02 −1.60±0.02 −7.27±0.54 0/29/ 0/ 0
A399 0.59±0.06 0.26±0.01 0.72±0.02 0.76±0.02 1/ 7/ 3/ 6 0.13±0.05 ... ... ... 0/ –/ –/ –
A478 0.87±0.02 1.01±0.01 0.84±0.02 0.91±0.02 8/ 7/ 3/ 6 ... ... ... ... –/ –/ –/ –
A520 0.95±0.11 0.89±0.01 0.89±0.02 1.01±0.06 1/ 5/ 3/ 6 −0.27±0.06 −1.04±0.01 −0.80±0.01 −6.05±0.03 0/29/ 0/ 0
A521 0.91±0.08 0.92±0.01 0.86±0.03 0.99±0.07 4/ 5/ 3/ 6 ... −1.01±0.02 −1.12±0.01 −5.87±0.26 –/29/ 0/ 0
A545 0.75±0.04 0.80±0.01 0.73±0.03 ... 4/ 5/ 3/ – −0.35±0.04 ... ... ... 0/ –/ –/ –
A665 0.99±0.07 0.92±0.01 0.95±0.02 1.04±0.07 1/ 5/ 3/ 6 −0.26±0.10 −0.76±0.01 −1.11±0.01 −6.48±0.03 28/ 0/ 0/ 0
A697 1.02±0.08 1.11±0.01 1.04±0.01 1.16±0.08 9/ 5/ 3/ 6 −0.22±0.06 −0.82±0.02 −1.93±0.09 −6.77±0.30 28/29/ 0/ 0
A746 0.57±0.15* 0.53±0.15 0.73±0.03 ... 10/ 0/ 3/ – −2.49±0.10 ... ... ... 0/ –/ –/ –
A754 0.63±0.01 0.27±0.01 0.84±0.01 0.84±0.02 4/ 7/ 3/ 6 −0.17±0.11 ... ... ... 0/ –/ –/ –
A773 0.91±0.08 0.86±0.01 0.84±0.02 0.87±0.06 1/ 5/ 3/ 6 −0.12±0.07 −0.74±0.01 −1.56±0.01 −6.97±0.09 28/29/ 0/ 0
A1240 -0.01±0.02 -0.05±0.03 ... ... 11/ 0/ –/ – −0.52±0.12 ... ... ... 28/ –/ –/ –
A1300 1.15±0.07 1.06±0.01 0.95±0.02 1.27±0.07 4/ 5/ 3/ 6 −0.95±0.12 −0.72±0.02 −1.31±0.01 −6.07±0.08 0/29/ 0/ 0
A1351 0.74±0.11 0.72±0.11 0.84±0.02 ... 8/ 2/ 3/ – −1.23±0.15 −1.07±0.02 −1.18±0.01 −6.24±0.26 28/ 0/ 0/ 0
A1612 0.39±0.18 0.38±0.18 0.65±0.05 ... 4/ 2/ 3/ – −1.71±0.12 ... ... ... 28/ –/ –/ –
A1689 1.15±0.04 1.16±0.01 0.94±0.02 0.96±0.07 4/ 7/ 3/ 6 0.47±0.05 −0.46±0.01 −2.65±0.77 −7.96±0.14 28/ 0/ 0/ 0
A1758N 1.09±0.10 0.94±0.01 0.91±0.02 ... 12/ 5/ 3/ – −0.70±0.08 −0.99±0.01 −0.84±0.01 −5.35±0.03 28/29/ 0/ 0
A1835 1.39±0.06 1.38±0.01 0.99±0.02 1.02±0.05 1/ 7/ 3/ 6 0.56±0.02 −0.43±0.02 −2.55±0.37 −8.10±0.50 28/ 0/ 0/ 0
A1914 1.03±0.04 0.98±0.01 0.86±0.02 0.96±0.07 12/ 7/ 3/ 6 −0.36±0.10 −0.65±0.01 −1.17±0.01 −6.95±0.04 28/ 0/ 0/ 0
A1995 0.95±0.06 0.78±0.01 0.69±0.03 ... 8/ 5/ 3/ – −0.09±0.07 ... ... ... 28/ –/ –/ –
A2029 0.95±0.12 0.89±0.01 0.85±0.01 0.93±0.02 12/ 7/ 3/ 6 0.40±0.03 −0.37±0.01 −2.50±0.01 −9.28±0.54 28/ 0/ 0/ 0
A2061 0.31±0.07 0.27±0.07 0.56±0.03 ... 1/ 2/ 3/ – −0.58±0.11 ... ... ... 28/ –/ –/ –
A2069 0.66±0.07 0.63±0.07 0.73±0.02 ... 1/ 2/ 3/ – −0.26±0.04 ... ... ... 28/ –/ –/ –
A2163 1.36±0.03 1.40±0.02 1.21±0.01 1.41±0.02 4/ 7/ 3/ 6 −1.05±0.05 −0.90±0.02 −1.27±0.01 −6.02±0.28 0/29/ 0/ 0
A2204 1.14±0.02 1.20±0.01 0.89±0.02 0.98±0.02 8/ 7/ 3/ 6 0.28±0.05 −0.30±0.01 −3.24±0.60 −8.90±0.20 28/ 0/ 0/ 0
A2218 0.75±0.04 0.71±0.04 0.82±0.01 0.79±0.08 1/14/ 3/ 6 0.33±0.03 −0.73±0.01 −1.82±0.01 −6.90±0.08 0/ 0/ 0/ 0
A2219 1.10±0.05 1.23±0.01 1.07±0.01 1.21±0.06 1/ 7/ 3/ 6 −0.24±0.06 −0.86±0.01 −1.58±0.01 −6.39±0.04 0/29/ 0/ 0
A2255 0.42±0.02 0.70±0.05 0.73±0.01 0.71±0.08 12/ 7/ 3/ 6 −1.02±0.10 ... ... ... 28/ –/ –/ –
A2256 0.58±0.02 0.48±0.01 0.79±0.01 0.80±0.02 12/ 7/ 3/ 6 −0.17±0.08 ... ... ... 28/ –/ –/ –
A2319 0.87±0.02 0.19±0.03 0.94±0.01 ... 13/ 7/ 3/ – 0.14±0.08 ... ... ... 0/ –/ –/ –
A2345 0.63±0.06 0.59±0.06 0.77±0.03 ... 4/ 2/ 3/ – ... −1.17±0.04 −0.91±0.01 −5.85±0.05 –/ 0/ 0/ 0
A2390 1.13±0.12 1.30±0.01 0.99±0.01 1.11±0.06 1/ 7/ 3/ 6 0.04±0.06 −0.54±0.01 −2.38±0.21 −7.24±0.14 28/29/ 0/ 0
A2744 1.10±0.05 1.17±0.01 0.99±0.02 1.18±0.06 4/ 5/ 3/ 6 −1.03±0.04 −1.00±0.02 −1.17±0.01 −5.91±0.11 0/29/ 0/ 0
A3365 -0.06±0.15* -0.10±0.15 ... ... 15/ 0/ –/ – ... ... ... ... –/ –/ –/ –
A3376 0.03±0.02 0.00±0.02 0.38±0.03 0.41±0.02 4/ 2/ 3/ 6 ... ... ... ... –/ –/ –/ –
A3444 1.14±0.04 1.08±0.04 0.87±0.02 ... 4/ 2/ 3/ – ... −0.35±0.01 −3.27±0.46 −7.53±0.03 –/ 0/ 0/ 0
A3562 0.17±0.03 0.02±0.01 0.39±0.04 0.55±0.02 4/ 7/ 3/ 6 0.29±0.04 ... ... ... 0/ –/ –/ –
A3667 1.05±0.02 0.81±0.01 0.85±0.01 0.95±0.02 4/ 7/ 3/ 6 ... ... ... ... –/ –/ –/ –
2A0335 0.35±0.01 0.32±0.01 0.36±0.03 0.41±0.02 8/ 7/ 3/ 6 ... ... ... ... –/ –/ –/ –
Bullet 1.36±0.04 1.35±0.01 1.12±0.01 1.29±0.06 4/ 5/ 3/ 6 ... −0.90±0.01 −0.77±0.01 −5.41±0.01 –/ 0/ 0/ 0
CIZA J0649+1801 0.08±0.06 0.07±0.06 ... ... 16/ 2/ –/ – ... ... ... ... –/ –/ –/ –
CIZA J2242+5301 0.83±0.10 0.58±0.10 ... ... 17/ 2/ –/ – ... ... ... ... –/ –/ –/ –
CL0016+16 1.29±0.01 1.19±0.01 0.99±0.02 1.15±0.07 18/ 5/ 3/ 6 ... −0.85±0.01 −1.78±0.06 −6.98±0.19 –/ 0/ 0/ 0
CL0217+70 -0.20±0.15* -0.24±0.15 ... ... 19/ 0/ –/ – ... ... ... ... –/ –/ –/ –
CL1821+64 1.16±0.01 1.12±0.01 0.83±0.02 ... 20/ 0/ 3/ – ... −0.41±0.01 −2.64±0.06 −7.21±0.08 –/ 0/ 0/ 0
Coma 0.58±0.01 0.07±0.01 0.86±0.01 ... 1/ 7/ 3/ – −0.22±0.05 ... ... ... 0/ –/ –/ –
El Gordo ... 1.55±0.02 1.03±0.02 ... –/21/ 3/ – ... −0.70±0.01 −0.97±0.01 −5.46±0.06 –/ 0/ 0/ 0
MACS J0553–3342 ... 1.23±0.15 0.94±0.02 ... –/22/ 3/ – ... −0.90±0.01 −0.91±0.01 −5.34±0.02 –/ 0/ 0/ 0
MACS J0717+3745 1.39±0.01 1.38±0.01 1.06±0.02 1.33±0.05 18/ 5/ 3/ 6 ... −0.96±0.02 −1.79±0.09 −5.38±0.04 –/ 0/ 0/ 0
MACS J1752+4440 0.92±0.15* 0.88±0.16 0.83±0.03 ... 23/ 0/ 3/ – −1.82±0.12 ... ... ... 0/ –/ –/ –
MS1455+2232 0.92±0.12 0.94±0.13 ... ... 8/ 2/ –/ – 0.22±0.04 −0.24±0.02 −2.43±0.18 −7.71±0.14 28/29/ 0/ 0
Ophiuchus 0.72±0.01 0.58±0.01 ... ... 16/ 7/ –/ – 0.09±0.08 ... ... ... 0/ –/ –/ –
Perseus 0.89±0.01 0.79±0.01 ... ... 12/ 2/ –/ – 0.06±0.06 ... ... ... 0/ –/ –/ –
Phoenix ... ... 0.95±0.03 ... –/ –/ 3/ – ... −0.25±0.02 −2.63±0.64 −7.91±0.66 –/ 0/ 0/ 0
PLCK G171.9–40.7 ... 1.05±0.01 1.03±0.02 ... –/ 5/ 3/ – ... −0.83±0.01 −1.75±0.03 −6.88±0.09 –/ 0/ 0/ 0
PLCK G287.0+32.9 ... 1.24±0.01 1.17±0.01 ... –/24/ 3/ – ... ... ... ... –/ –/ –/ –
PSZ1 G096.9+24.2 0.58±0.15* 0.54±0.15 0.67±0.03 ... 25/ 0/ 3/ – ... ... ... ... –/ –/ –/ –
RBS797 1.31±0.02 1.30±0.02 0.75±0.04 0.86±0.07 26/ 2/ 3/ 6 ... −0.25±0.01 −3.44±0.23 −9.49±0.53 –/ 0/ 0/ 0
RXC J0107+5408 0.44±0.08 0.45±0.08 0.77±0.02 ... 16/ 2/ 3/ – ... ... ... ... –/ –/ –/ –
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TABLE 2
continued
Name logLX logL500 logMSZ, 500 logM500 References Γ log c logω log(P3/P0) References
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11)
RXC J1053+5452 0.58±0.05 -0.35±0.05 ... ... 9/ 2/ –/ – ... −0.91±0.01 −1.26±0.01 −6.71±0.16 –/ 0/ 0/ 0
RXC J1314–2515 1.04±0.08 1.00±0.08 0.83±0.04 ... 4/ 2/ 3/ – −0.39±0.07 ... ... ... 0/ –/ –/ –
RXC J1504–0248 1.45±0.02 1.45±0.01 0.82±0.03 ... 4/ 7/ 3/ – 0.32±0.04 −0.22±0.01 −2.78±1.08 −8.09±0.09 28/29/ 0/ 0
RXC J1514–1523 0.85±0.08 0.81±0.08 0.95±0.02 ... 4/ 2/ 3/ – ... −1.19±0.02 −1.25±0.01 −6.28±0.07 –/ 0/ 0/ 0
RXC J1532+3021 1.22±0.02 1.30±0.02 ... 0.91±0.08 26/14/ –/ 6 0.28±0.04 −0.27±0.01 −2.97±1.28 −8.66±0.25 28/ 0/ 0/ 0
RXC J2003–2323 0.97±0.08 0.96±0.01 0.95±0.02 ... 4/ 5/ 3/ – ... −1.22±0.02 −0.73±0.01 −6.79±0.16 –/29/ 0/ 0
RX J1347–1145 1.65±0.05 1.63±0.01 1.04±0.02 1.27±0.06 4/14/ 3/ 6 ... −0.40±0.01 −1.78±0.01 −6.80±0.08 –/ 0/ 0/ 0
RX J1720+2638 0.87±0.03 0.96±0.01 0.77±0.03 ... 12/ 7/ 3/ – 0.33±0.03 −0.33±0.01 −2.99±0.45 −7.81±0.14 28/ 0/ 0/ 0
RX J2129+0005 1.07±0.13 1.00±0.02 0.64±0.06 0.82±0.07 1/14/ 3/ 6 0.42±0.04 −0.40±0.01 −2.43±0.11 −7.11±0.05 28/ 0/ 0/ 0
S780 1.19±0.09 0.94±0.01 0.89±0.03 ... 4/ 2/ 3/ – ... −0.36±0.01 −2.42±0.11 −7.49±0.17 –/ 0/ 0/ 0
Toothbrush 1.00±0.09 0.96±0.09 1.03±0.02 ... 27/ 0/ –/ – ... −1.03±0.01 −1.18±0.01 −6.38±0.03 –/ 0/ 0/ 0
Z3146 1.29±0.04 1.28±0.02 0.81±0.03 0.91±0.06 8/14/ –/ 6 0.39±0.02 −0.34±0.01 −2.31±0.03 −8.03±0.11 0/ 0/ 0/ 0
Z5247 0.80±0.12 0.63±0.03 0.77±0.03 0.85±0.11 1/14/ 3/ 6 −0.09±0.05 ... ... ... 28/ –/ –/ –
ZwCl0008+5215 -0.30±0.12 -0.34±0.12 0.53±0.05 ... 27/ 0/ 3/ – ... ... ... ... –/ –/ –/ –
ZwCl2341+0000 0.39±0.09 0.35±0.09 0.71±0.04 ... 25/ 0/ 3/ – −0.56±0.08 −1.08±0.04 −0.83±0.01 −5.76±0.19 28/ 0/ 0/ 0
Notes. Columns: (1) cluster name; (2)–(5) mass proxies of cluster, LX and L500 in 1044erg s−1, and cluster masses MSZ, 500 and M500 in 1014M⊙. The
uncertainty with mark * for mass proxy is not available from the reference, and 30% of the total luminosity is taken here; (6) references of mass proxies or mass;
(7)–(10) optical and X-ray dynamical parameters, while logω and log(P3/P0) are calculated in 500 kpc; (11) references for dynamical parameters. Clusters
hosting both radio halo and relic are not listed twice.
References: 0—this paper by the authors; 1—Ebeling et al. (1998); 2—Piffaretti et al. (2011); 3—Planck Collaboration et al. (2015); 4—Bo¨hringer et al.
(2004); 5—Cassano et al. (2013); 6—Wen & Han (2015); 7—Zhao et al. (2015); 8—Bo¨hringer et al. (2000); 9—Popesso et al. (2004); 10—van Weeren et al.
(2011b); 11—David et al. (1999); 12—Ebeling et al. (1996); 13—Reiprich & Bo¨hringer (2002); 14—Mantz et al. (2010); 15—Feretti et al. (2012);
16—Ebeling et al. (2002); 17—Kocevski et al. (2007); 18—Ebeling et al. (2007); 19—Brown et al. (2011); 20—Bonafede et al. (2014b); 21—Menanteau et al.
(2012); 22—Bonafede et al. (2012); 23—Bonafede et al. (2012); 24—Bonafede et al. (2009a); 25—de Gasperin et al. (2014); 26—Ebeling et al. (2010);
27—Voges et al. (1999); 28—Wen & Han (2013); 29—Cassano et al. (2010).
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FIG. 1.— The radio power at three frequencies of radio halos (circles), relics (squares), and mini-halos (triangles) are plotted dynamic parameters of galaxy
clusters (panels in the upper 3 rows), and the distributions dynamic parameters are shown in the bottom panels.
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FIG. 2.— The scaling relations for radio power of radio relics and halos with cluster masses or mass proxies at three frequencies. Plots are omitted if there are
only few (< 10) data points, e.g., those for mini-halos at two lower frequencies and those for relics against M500. Dotted lines are the best fits, carried out only
if the Spearman rank-order correlation coefficient r & 0.6. The radio powers P1.4 GHz of 22 halos and 12 mini-halos are plotted together in the right panel of
the first row (originally for relics) to show their consistency with the scaling relations.
of circular apertures centered on the X-ray peak from Rap to
0.05Rap in steps of 0.05Rap, thus
ω = [
1
N − 1
∑
(∆i − 〈∆〉)2]1/2 × 1
Rap
. (4)
Here ∆i is the distance between the X-ray peak and the cen-
troid of the ith aperture (Poole et al. 2006). Buote & Tsai
(1995) defined the power ratios as dimensionless morphologi-
cal parameters from the two-dimensional multipole expansion
of the projected gravitational potential of clusters inside Rap.
The moments, Pm, are defined as follows:
P0 = [a0 ln(Rap)]
2, (5)
Pm =
1
2m2R2map
(a2m + b
2
m). (6)
The moments am and bm are calculated using
am(R) =
∫
R′≤Rap
S(x′)(R′)m cos(mφ′)d2x′, (7)
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TABLE 3
THE SCALING RELATION FOR RADIO POWER OF RELICS, RADIO HALOS, AND MINI-HALOS IN GALAXY CLUSTERS TOGETHER WITH THE INTRINSIC
DATA SCATTER σ2/dof AND THE FITTING χ2/dof .
Parameters No. Type r p The Best Fitted Relations σ2/dof χ2/dof
P1.4 GHz–L500 25 relic 0.67 0.00 logP1.4 GHz=(1.60 ± 0.17) logL500–(0.46 ± 0.24) 0.474 0.965
P610 MHz–L500 16 relic 0.63 0.01 logP610 MHz=(1.37 ± 0.13) logL500+(0.05 ± 0.22) 0.478 0.983
P610 MHz–MSZ, 500 14 relic 0.63 0.02 logP610 MHz=(3.67 ± 0.20) logMSZ, 500–(2.06 ± 0.24) 0.615 0.988
P325 MHz–L500 16 relic 0.62 0.01 logP325 MHz=(1.53 ± 0.15) logL500+(0.31 ± 0.23) 0.530 0.985
P1.4 GHz–LX 34 halo 0.72 0.00 logP1.4 GHz=(1.90 ± 0.14) logLX–(1.29 ± 0.18) 0.250 0.868
P1.4 GHz–L500 36 halo 0.75 0.00 logP1.4 GHz=(1.53 ± 0.13) logL500–(0.88 ± 0.18) 0.226 0.949
P1.4 GHz–MSZ, 500 34 halo 0.66 0.00 logP1.4 GHz=(3.97 ± 0.18) logMSZ, 500–(3.18 ± 0.20) 0.263 0.969
P1.4 GHz–M500 22 halo 0.91 0.00 logP1.4 GHz=(3.56 ± 0.12) logM500–(3.21 ± 0.15) 0.139 0.746
P610 MHz–LX 19 halo 0.77 0.00 logP610 MHz=(1.66 ± 0.13) logLX–(0.67 ± 0.17) 0.246 0.904
P610 MHz–L500 20 halo 0.84 0.00 logP610 MHz=(1.38 ± 0.12) logL500–(0.38 ± 0.16) 0.206 0.965
P610 MHz–MSZ, 500 18 halo 0.79 0.00 logP610 MHz=(3.62 ± 0.16) logMSZ, 500–(2.50 ± 0.17) 0.241 0.983
P610 MHz–M500 13 halo 0.81 0.00 logP610 MHz=(3.01 ± 0.11) logM500–(2.27 ± 0.14) 0.165 0.823
P325 MHz–LX 21 halo 0.80 0.00 logP325 MHz=(1.74 ± 0.12) logLX–(0.31 ± 0.15) 0.229 0.873
P325 MHz–L500 23 halo 0.81 0.00 logP325 MHz=(1.46 ± 0.11) logL500–(0.01 ± 0.15) 0.198 0.926
P325 MHz–MSZ, 500 21 halo 0.74 0.00 logP325 MHz=(3.81 ± 0.16) logMSZ, 500–(2.18 ± 0.17) 0.240 0.963
P325 MHz–M500 12 halo 0.92 0.00 logP325 MHz=(2.71 ± 0.07) logM500–(1.52 ± 0.09) 0.111 0.789
P1.4 GHz − L500 16 mini-halo 0.60 0.01 logP1.4 GHz=(1.92 ± 0.10) logL500–(2.03 ± 0.15) 0.211 0.989
and
bm(R) =
∫
R′≤Rap
S(x′)(R′)m sin(mφ′)d2x′, (8)
whereS(x) is the X-ray surface brightness of the pixel labeled
x. P3/P0 is the power ratio, which was found to be related
to substructures (e.g., Bo¨hringer et al. 2010; Cassano et al.
2010). We therefore also take P3/P0 as another dynamical
parameter of clusters.
The dynamical parameters in Table 2 are taken directly
from the literature for the galaxy clusters that have diffuse
radio emission. For 49 clusters, we derive the concentration
parameters, c, the centroid shifts, ω, and the power ratios,
P3/P0, from the Chandra 0.5-5 keV band X-ray images1 by
using Equations (3)–(8). We take our newly derived dynam-
ical parameters if they are different from the values given in
the literature.
3. THE SCALING RELATIONS FOR RADIO POWER AND THE
FUNDAMENTAL PLANE IN THE 3D PARAMETER SPACE
The data distribution of the three sets of parameters is
shown in Figure 1. In general, the values of radio power for
the three types of diffuse emission in galaxy clusters are in the
same range of magnitude.
The ranges of dynamical parameters for clusters with ra-
dio halos and mini-halos in Figure 1 are consistent with those
of Cassano et al. (2010, Figure 1). In particular, we found
that galaxy clusters with mini-halos have very large c and
Γ (log c & −0.5, Γ & −0.2) and a small ω and P3/P0
(logω . −2, log(P3/P0) . −7), indicating the relaxed state
of these clusters. Clusters with relics and halos share quite
similar dynamical properties. The Γ distributions show clus-
ters with relics to be more disturbed than clusters with radio
halos, which is probably related to the fact that radio relics
are likely found in clusters characterized by mergers happen-
ing almost on the plane of the sky.
Clusters with relics have a slightly wider range of X-ray
luminosity and hence a larger range of masses than those with
1 http://cda.harvard.edu/chaser/
halos (see Figure 2), while clusters with radio mini-halos have
a slightly smaller range of higher X-ray luminosity.
In the following we discuss the scaling relations in the two-
dimensional data distributions for the radio power, and then
try to find the fundamental plane in three-dimensional pa-
rameter spaces. The Bivariate Correlated Errors and intrin-
sic Scatter (BCES) method has previously been used in simi-
lar analyses (e.g., Brunetti et al. 2009; Cassano et al. 2013).
We develop the BCES-Reduced Major Axis (BCES-RMA)
method for the three-dimensional data fitting (see the ap-
pendix for details), and use the BCES-RMA in the follow-
ing to get the regression parameters for 2D and 3D fittings.
The unified deviations σ2/dof for the intrinsic scatter (see
Equation (A11) in the appendix, not including the contribu-
tion from measurement uncertainties) as well as the fitting
χ2/dof (see Equation (A13) in the appendix) are calculated
accordingly. In addition, we use the Spearman rank-order
correlation coefficient, r, to assess data correlations and the
probability of the null hypothesis p to indicate the reliability
of correlations (see Press et al. 1992, p. 634). For 3D fittings,
we first compute zˆi from variables xi and yi based on the 3D
best fitting relations, and then calculate the coefficient r from
zˆi and variables zi.
3.1. The Scaling Relations between Radio Power and Cluster
Mass
The scaling relation between radio power of radio halos
and mass proxies of galaxy clusters has been studied by many
authors, e.g., Liang et al. (2000), Brunetti et al. (2009), Basu
(2012), and Cassano et al. (2013). This relation can be written
as
logP1.4 GHz = α logM + C, (9)
where C is the normalization factor, M is the mass parameter
of clusters, and α is the index. Brunetti et al. (2009) took the
X-ray luminosity LX as the mass proxy for clusters and ob-
tained αLX = 2.06 ± 0.20 for 22 halos and two mini-halos.
Cassano et al. (2013) obtainedL500 from the Chandra images
for 25 clusters with halos and found αL500 = 2.11 ± 0.20.
By using the SZ parameter Y500 as a mass proxy, they ob-
tained αY500 = 2.02± 0.28 for these clusters, and then found
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TABLE 4
SEARCHING FOR A FUNDAMENTAL PLANE IN 3D PARAMETER SPACE BY INVOLVING DYNAMICAL PARAMETERS AND COMPARING THE INTRINSIC
DATA SCATTER σ2/dof AND THE FITTING χ2/dof .
Parameters No. Type r p The best-fitted relation σ2/dof χ2/dof
P1.4 GHz–L500 13 halo 0.52 0.07 logP1.4 GHz=(2.56 ± 0.11) logL500–(2.03 ± 0.15) 0.309 0.903
P1.4 GHz–L500–Γ 13 halo 0.54 0.06 logP1.4 GHz=(1.03 ± 0.05) logL500–(0.87 ± 0.17)Γ–(0.83 ± 0.06) 0.050 1.002
P1.4 GHz–L500–c 13 halo 0.64 0.02 logP1.4 GHz=(1.86 ± 0.08) logL500–(2.39 ± 0.16) log c–(3.30± 0.10) 0.154 0.989
P1.4 GHz–L500–ω 13 halo 0.63 0.02 logP1.4 GHz=(2.05 ± 0.06) logL500+(1.00 ± 0.07) logω–(0.07 ± 0.07) 0.143 0.854
P1.4 GHz–L500–
P3
P0
13 halo 0.68 0.00 logP1.4 GHz=(1.57 ± 0.08) logL500+(0.61 ± 0.01) log P3P0 +(2.99 ± 0.09) 0.160 0.864
P1.4 GHz–L500 24 halo 0.70 0.00 logP1.4 GHz=(1.56 ± 0.13) logL500–(0.94 ± 0.16) 0.212 0.955
P1.4 GHz–L500–Γ 24 halo 0.75 0.00 logP1.4 GHz=(1.07 ± 0.13) logL500–(0.52 ± 0.29)Γ–(0.78 ± 0.13) 0.130 0.955
P1.4 GHz–MSZ, 500 24 halo 0.64 0.00 logP1.4 GHz=(3.69 ± 0.16) logMSZ, 500–(2.94 ± 0.16) 0.209 0.958
P1.4 GHz–MSZ, 500–Γ 24 halo 0.68 0.00 logP1.4 GHz=(2.68 ± 0.13) logMSZ, 500–(0.55 ± 0.28)Γ–(2.28 ± 0.12) 0.113 0.946
P1.4 GHz–M500 17 halo 0.88 0.00 logP1.4 GHz=(3.19 ± 0.10) logL500–(2.87 ± 0.12) 0.125 0.734
P1.4 GHz–M500–Γ 17 halo 0.90 0.00 logP1.4 GHz=(1.75 ± 0.12) logL500–(0.43 ± 0.11)Γ–(1.61 ± 0.10) 0.090 0.871
P1.4 GHz–L500 13 relic 0.62 0.02 logP1.4 GHz=(2.18 ± 0.16) logL500–(1.05 ± 0.22) 0.626 0.947
P1.4 GHz–L500–Γ 13 relic 0.71 0.01 logP1.4 GHz=(0.88 ± 0.25) logL500–(0.45 ± 0.13)Γ–(0.71 ± 0.16) 0.353 0.984
P1.4 GHz–L500 12 mini-halo 0.48 0.11 logP1.4 GHz=(2.31 ± 0.08) logL500–(2.58 ± 0.12) 0.230 0.960
P1.4 GHz–L500–
P3
P0
12 mini-halo 0.66 0.02 logP1.4 GHz=(1.37 ± 0.08) logL500+(0.32 ± 0.01) log P3P0 +(1.14 ± 0.10) 0.172 0.964
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FIG. 3.— Comparison of the effectiveness by involving different dynamical parameters to reduce the data scatter.
αM500 = 3.70 ± 0.56 for M500. Since cluster mass M500 is
related to L500 by L500 ∝ M1.64500 (Piffaretti et al. 2011), it is
understandable that αM500 = αL500 × 1.64.
By using the radio power values of halos, relics, and mini-
halos at the three frequencies in Table 1 and cluster masses or
proxies in Table 2, we check the scaling relations between the
radio power and cluster masses for galaxy clusters. The power
values of a pair of relics detected from one cluster are added
for the following discussions. Results are shown in Figure 2
and listed in Table 3.
First of all, let us look at different types of radio emission.
The power of radio halos at any frequency is clearly corre-
lated with the kinds of cluster masses or mass proxies. They
show the strongest correlations and much less intrinsic data
scattered around the best-fit correlations. For the relics and
mini-halos, the radio power is found to be only marginally
correlated with L500 (and also with MSZ, 500 for relics at
610 MHz), and the correlations are less strong and also the
points are clearly more scattered around the best-fit correla-
tions, as shown by the σ2/dof in Table 3. The radio power of
mini-halos at 1.4 GHz, if plotted against cluster mass, is con-
sistent with the result in Giacintucci et al. (2014b), but we find
a marginal correlation between P1.4 GHz and L500 or M500
with a Spearman rank-order correlation coefficient r = 0.6
or 0.59. We also noticed that the radio power P1.4 GHz of
halos and mini-halos at 1.4 GHz can be scaled together very
well with M500, as shown in the right panel of the first row in
Fig.2 for the 22 halos together with 12 mini-halos.
Second, which of the mass estimates or mass proxies is
good for the scaling relations? For relics and mini-halos,L500
seems to be the best, because not only are more data avail-
able for the host clusters but also the other masses or prox-
ies do not show significant correlation. For radio halos, the
M500 estimated from gas mass is the best for the scaling re-
lations with radio power at any frequency, though fewer data
are available for host clusters and thus we cannot exclude that
the small size of the sample can affect the strength of the cor-
relation. Among the other three mass proxies, L500 shows a
slightly better correlation with the halo radio power than LX
andMSZ, 500, as indicated by a slightly larger Spearman rank-
order correlation coefficient r and a smaller deviation σ2/dof
as listed in Table 3. Therefore L500 is a common mass proxy
for galaxy clusters which can be scaled with the radio power
of all three types of diffuse radio emission.
We noticed that at any of these three frequencies, the scal-
ing indices αL500 between the radio power and proxy L500
are almost the same for the relics and radio halos, though
relic data are more scattered around the fitted lines. The
scaling index we obtained for P1.4 GHz of halos and LX
is αLX = 1.90 ± 0.14, which is consistent with the pre-
vious results around αLX = 2.06 ± 0.2 in Brunetti et al.(2009). Our scaling indices for the power of radio halos
P1.4 GHz against the SZ mass and M500 are 3.97 ± 0.18 and
3.56± 0.12, respectively, which are consistent with the result
αM500 = 3.70 ± 0.56 obtained by Cassano et al. (2013). For
relics, the scaling index we found for P1.4 GHz and L500 is
αL500 = 1.60 ± 0.17, which is very consistent with the most
recent result αM500 = 2.83± 0.39 given by de Gasperin et al.(2014) if we consider αM500 = αL500 × 1.64. The scaling
indices αL500 are roughly consistent at three frequencies if
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FIG. 4.— The data scatter is effectively reduced by involving dynamical
parameters Γ for radio halos and relics, and P3/P0 for mini-halos.
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FIG. 5.— The best-fitted plane for 24 radio halos in 3D parameter space:
logP1.4 GHz = (1.07±0.13) logL500−(0.52±0.29)Γ−(0.78±0.13).
Data are projected onto the three planes and shown as open circles.
considering the uncertainties, while scaling indices αM500 are
different at three frequencies for the radio halos, which may
be due to selection effect of the small sample and needs to be
verified further in future.
3.2. Searching for the Fundamental Plane in the 3D
Parameter Space
We search here for the correlation between the radio power
P of halos, relics, and mini-halos with cluster mass M and
the dynamical parameter D in 3D parameter spaces. Based
on Equation (9), the 3D relations in general can be written as
logP = α logM + β logD + γ, (10)
which is the fundamental plane in the 3D space. The new fit-
ting method introduced in the appendix can fit data with un-
certainties. The data scatter σ2/dof can be calculated via the
offsets from the plane by considering the data uncertainties
(see the appendix).
We search for the fundamental planes separately for radio
halos, mini-halos, and relics. Because there is much less data
for radio power at 610 and 325 MHz, we fit here only the data
of P1.4 GHz. We adopt L500 as the main mass proxy, since
its values are available for most galaxy clusters. To make
a reasonable comparison of data scatter among the 2D and
3D correlations, we use the same cluster subsamples to check
whether the inclusion of any dynamical parameter can reduce
the data scatter and improve the fit.
First of all, we check which one of the four kinds of dy-
namical parameters is most effective. For a subsample of 13
galaxy clusters with radio halos, all four kinds of dynamical
parameters, Γ, ω, c, and P3/P0, are available (as listed in Ta-
ble 2). We find that involving any one of these dynamical pa-
rameters can reduce the σ2/dof of the fitting, as listed in Table
4 and shown in Figure 3. Nevertheless the Γ can reduce the
σ2/dof most significantly from 0.309 to 0.050. In fact, the dy-
namical parameter Γ is available for a subsample of 24 galaxy
clusters with radio halos, which works effectively as shown in
Figure 4. The best fitting plane for the 24 radio halos is shown
in Figure 5 in the 3D space of P1.4 GHz − L500 − Γ. For this
subsample of 24 galaxy clusters with radio halos, the SZ mass
estimates MSZ, 500 are available. We found that if we replace
L500 with MSZ, 500, Γ works similarly well in the 3D fitting,
see Table 4. This is also true for another subsample of 17
galaxy clusters with M500.
We found that the dynamical parameter Γ also works
well to reduce the data scatter for also a subsample of 13
galaxy clusters with relics, as seen in Table 4 and Figure 3.
However, for a subsample of 12 galaxy clusters with mini-
halos, the most effective dynamical parameter is P3/P0 which
picks up the presence of a cold front in the X-ray images
of cool-core clusters as a signature of gas sloshing (e.g.,
Mazzotta & Giacintucci 2008).
4. CONCLUSIONS AND DISCUSSIONS
In this paper, we collect the observed fluxes of radio halos,
relics, and mini-halos of galaxy clusters from the literature
and calculate the radio power of these three types of diffuse
radio emission at three frequencies, P1.4 GHz, P610 MHz, and
P325 MHz. We also collect the mass estimates and mass prox-
ies, LX, L500, MSZ, 500, and M500 for these galaxy clusters,
and obtain their dynamical parameters, Γ, c, ω, and P3/P0
from optical and X-ray image data. The data show that galaxy
clusters with relics, radio halos, and mini-halos are in dif-
ferent dynamical states described by dynamical parameters.
Radio relics and halos are detected from merging clusters,
and mini-halos from relaxed clusters. By using these data,
we studied the scaling relations for relics, radio halos, and
mini-halos and searched for the fundamental plane in the 3D
parameter space.
We conclude from our data that the radio powers of relics,
radio halos, and mini-halos are all correlated with mass prox-
ies L500. The power of radio halos shows the strongest cor-
relations. For the relics and mini-halos the correlations are
less strong and also the points are clearly more scattered
around the best-fit correlations. For radio halos, the scaling
indices between the radio power and the mass proxies L500
and MSZ, 500 are consistent with each other at three frequen-
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cies. The powers of radio halos and mini-halos can be scaled
together nicely with the cluster mass M500.
We found that when any of various dynamical parameters is
involved, the data scatter of the scaling relations between the
radio power and mass proxies can be significantly reduced.
For radio halos and relics, the most effective is to include the
dynamical parameter Γ derived from the optical brightness
distribution of cluster member galaxies. For the mini-halos,
the radio power is closely related to P3/P0 derived for the
inner X-ray substructures of globally relaxed clusters.
Evidently the properties of diffuse radio emission in galaxy
clusters are related not only to cluster mass but also to the
dynamic states. First of all, to host diffuse radio emission, a
galaxy cluster has to be massive enough to contain enough in-
tracluster medium for dynamical stirring either in the central
region of relaxed clusters for mini-halos or on cluster scales
of merging clusters for radio halos or relics. When a massive
cluster appears to be very relaxed with a cool core, a mini-halo
could be produced as long as the substructures of cold fronts
in the X-ray image appear (Mazzotta & Giacintucci 2008),
indicating that the turbulence generated by the gas sloshing
of the dark-matter cores in the cluster potential well (e.g.,
ZuHone et al. 2013) is responsible for re-accelerating the rel-
ativistic electrons for diffuse radio emission.
Merging of galaxy clusters can generate turbulence on a
cluster scale, which can re-accelerate relativistic particles and
produce Mpc-size radio halos (e.g., Brunetti & Jones 2014).
The dynamical states of merging clusters can be imprinted by
substructures in the hot gas distribution seen in X-ray images
or by the unrelaxed velocity distribution of member galaxies
or their irregular brightness distributions. Looking at two pro-
posed theoretical models for cluster halos: (1) the secondary
model in which the relativistic electrons for synchrotron emis-
sion are the secondary products of the inelastic collision of
thermal protons and cosmic-ray protons in clusters, and (2)
the re-acceleration model in which the relativistic electrons
are re-accerlerated by turbulence in the intracluster medium,
we found that our results show the close relation between the
dynamic stirring and radio halos in the format of a fundamen-
tal plane, which no doubt supports the re-acceleration sce-
nario.
The merging of two massive clusters can also induce pe-
ripheral shocks that re-accelerate particles and compress or
amplify the magnetic fields, so that giant radio relics can be
produced in the shock region of the cluster periphery (e.g.,
Hoeft & Bru¨ggen 2007; Kang & Ryu 2013). The sky distri-
bution of member galaxy brightness is physically related to
the dynamics of merging clusters, which has influence on the
re-acceleration of particles in the peripheral shock regions and
consequently is related to the radio power of relics as revealed
in this paper.
In summary, in addition to the known scaling relations be-
tween the radio power and X-ray luminosity, we found that
the power of radio halos and relics is correlated with cluster
mass proxies and dynamical parameters in the form of a fun-
damental plane.
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APPENDIX
THE 3D LINEAR REGRESSION FOR DATA WITH UNCERTAINTIES
Linear regression analysis is widely used to study the correlation of two sets of data. Astronomical data sets usually have mea-
surement uncertainties. The BCES method has been used for astronomical data analysis (e.g., Brunetti et al. 2009; Cassano et al.
2013; Zhao et al. 2013) because: (1) observational data have uncertainties; (2) uncertainties of data sets can be dependent; (3)
regression lines such as the bisector and the orthogonal regression (OR) can be obtained easily. See Akritas & Bershady (1996)
for details.
In this work, the data sets of galaxy clusters in Tables 1 and 2 have measurement uncertainties, and the level of uncertainties
for different parameters obtained from different observations can be very different. For example, the uncertainty of L500 from
Cassano et al. (2013) derived from the Chandra data is about a magnitude smaller than those in the MCXC catalog derived from
the ROSAT data. The BCES method can be used to fit data in five approaches: (1) BCES(Y|X), where the deviations of data
to the fitted line are measured vertically; (2) BCES(X|Y), where the deviations are measured horizontally; (3) OR, where the
deviations are measured perpendicularly to the fitted line; (4) RMA, where the deviations are measured both perpendicularly and
horizontally; (5) BCES bisector, which is the bisector of the BCES(Y|X) and BCES(X|Y) lines. The last three approaches are
usually recommended because both axises are considered simultaneously. The BCES bisector method has not yet be developed
for 3D fitting. The BCES-RMA method usually gives very similiar fitting coefficients to the BCES bisector method.
The 2D BCES-RMA method is derived directly from the ordinary least-square (OLS) method, which ensures that the sum of
deviations between the data points and the fitted line is as small as possible (e.g., Isobe et al. 1990). The OLS method is only
available for data fitting without considering data uncertainty. If the variables of interest are denoted byX1i, X2i and the observed
data for them denoted by Y1i, Y2i, we have
Y1i = X1i ± ǫ1i, Y2i = X2i ± ǫ2i (A1)
where ǫ1i, ǫ2i are uncertainties. The linear regression model is formulized as
X2i = αX1i + β. (A2)
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According to the OLS method, we can obtain the fitting coefficients α1 and β1 for OLS(Y|X) as
α1 =
C(X1i, X2i)
V (X2i)
,
β1 = X¯2i − α1 · X¯1i,
(A3)
where
C(Xmi, Xni) =
N∑
i=1
(Xmi − X¯m)(Xni − X¯n),
V (Xmi) =
N∑
i=1
(Xmi − X¯m)2,
X¯m =
1
N
N∑
i=1
Xmi.
(A4)
Similarly, one can obtain the coefficients α2 and β2 for OLS(X|Y), and the coefficients αRMA and βRMA for OLS-RMA can be
defined as (for details, see Isobe et al. 1990)
αRMA = (α1α2)
1/2,
βRMA = Y¯2 − αRMA · Y¯1.
(A5)
According to Akritas & Bershady (1996), the fitting coefficients for the BCES method can be obtained from the OLS method
from
C(Ymi, Yni) = C(Xmi, Xni) +
N∑
i=1
ǫmiǫni,
V (Ymi) = V (Xmi) +
N∑
i=1
ǫ2mi,
Y¯mi = X¯mi.
(A6)
Inserting Equations (A3), (A4), and (A6) into Equations (A5), one can obtain the fitting coefficients αˆRMA, βˆRMA for BCES-
RMA fitting.
Now we extend the method for 3D data fitting. Let the variables haveing intrinsic real values be denoted by X1i, X2i, X3i, and
the observed data by Y1i, Y2i, Y3i, hence the relation between observed data and the variables is
Y1i = X1i ± ǫ1i, Y2i = X2i ± ǫ2i, and Y3i = X3i ± ǫ3i. (A7)
The linear regression model is formulated as
X3i = α
′X1i + β
′X2i + γ
′. (A8)
As in 2D fitting, one can get the coefficients α′1, β′1, and γ′1 for OLS(Y3|Y1, Y2) as follows:
β′1 =
C(X1i, X3i)C(X1i, X2i)− C(X2i, X3i)V (X1i)
C2(X1i, X2i)− V (X1i)V (X2i) ,
α′1 =
C(X1i, X3i)− β′1 · C(X1i, X2i)
V1i
,
γ′1 = X¯3i − α′1 · X¯1i − β′1 · X¯2i.
(A9)
One can also obtain α′2, β′2, and γ′2 for BCES(Y1|Y2, Y3) and α′3, β′3, and γ′3 for BCES(Y2|Y1, Y3), respectively. In principle, the
3D RMA fitting is to search for a plane that can minimize the volume of a rectangular solid whose edges are parallel to the axises
Y1, Y2, and Y3. It is not easy, however, to obtain the fitting coefficients analytically. We define 3D OLS-RMA fitting coefficients
as
α′RMA = (α
′
1α
′
2α
′
3)
1/3,
β′RMA = (β
′
1β
′
2β
′
3)
1/3,
γ′RMA = Y¯3 − α′RMA · Y¯1 − β′RMA · Y¯2.
(A10)
Inserting Equations (A4), (A6), and (A9) into Equations (A10), one can obtain the fitting coefficients αˆ′RMA, βˆ′RMA and γˆ′RMA.
Scaling relations for radio halos and relics of clusters 13
The intrinsic scatter σ2/dof for 3D fitting is then calculated by (Colafrancesco et al. 2014)
σ2
dof
=
∑N
i=1(r3i − r¯3)2 −
∑N
i=1 ǫ
2
3i
N − 3 , (A11)
where r3i is the residual
r3i = Y3i − αˆ′RMA · Y1i − βˆ′RMA · Y2i − γ′RMA, (A12)
then χ2/dof can be written as
χ2
dof
=
1
N − 3
N∑
i=1
r23i
ǫ23i + αˆ
′2
RMAǫ
2
1i + βˆ
′2
RMAǫ
2
2i + σ
2/dof
. (A13)
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